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Abstract

A major barrier to deploying current machine
learning models lies in their non-reliability to
dataset shifts. To resolve this problem, most
existing studies attempted to transfer stable in-
formation to unseen environments. Particularly,
independent causal mechanistressed methods
proposed to remove mutable causal mechanisms
via thedo-operator. Compared to previous meth-
ods, the obtained stable predictors are more effec-
tive in identifying stable information. However, a
key question remainsvhich subset of this whole
stable information should the model transfer, in
order to achieve optimal generalization ability?
To answer this question, we present a comprehen-
sive minimax analysis from a causal perspective.
Speci cally, we rst provide a graphical condition

for the whole stable set to be optimal. When this
condition fails, we surprisingly nd with an exam-
ple that this whole stable set, although can fully
exploit stable information, is not the optimal one
to transfer. To identify the optimal subset under
this case, we propose to estimate the worst-case
risk with a noveloptimizationscheme over the
intervention functions on mutable causal mech-
anisms. We then propose an ef cient algorithm
to search for the subset with minimal worst-case
risk, based on a newly de ned equivalence re-
lation between stable subsets. Compared to the
exponential cost of exhaustively searching over
all subsets, our searching strategy enjoys a polyno-
mial complexity. The effectiveness and ef ciency
of our methods are demonstrated on synthetic data
and the diagnosis of Alzheimer's disease.

4 Fang Fang® Yizhou Wang'26

1. Introduction

Current machine learning systems, which are commonly
deployed based on their in-distribution performance, often
encounterdataset shiftfQuinonero et al., 2008) such as
covariate shift, label shifect, due to changes in the data
generating process. When such shifts exist in deployment
environments, the model may give unreliable prediction re-
sults, which can cause severe consequences in safe-critical
tasks such as healthcare (Hendrycks et al., 2021). At the
heart of this unreliability issue astability androbustness
aspects, which respectively denote the insensitivity of pre-
diction behavior and generalization errors to dataset shifts.

For example, consider the system deployed to predict the
Functional Activities Questionnaire (FAQ) score that is com-
monly adopted (Mayo, 2016) to measure the severity of
Alzheimer's disease (AD). During the prediction, the system
can only access biomarkers and volumes of brain regions
as covariates, with demographic information anonymous
for privacy consideration. However, the changes in such
demographics can cause shifts in covariates. To achieve
reliability for the deployed model, its prediction is desired
to be stable against demographic changes, and meanwhile
to be constantly accurate across all populations. For this
purpose, this paper aims to nd the most robust.(mini-

max optimal) predictor, among the set of stable predictors
across all deployed environments.

To achieve this goal, many studies attempted to learn in-
variance to transfer to unseen data. Examples include ICP
(Peters et al., 2016) and (Rojas-Carulla et al., 2018; Liu
et al., 2021; Ausset et al., 2022) that assumed the predic-
tion mechanism given causal features or representations to
be invariant; or (Subbaswamy et al., 2019; Rotlérgher

et al., 2021) that explicitly attributed the variation to a prior
selection diagram or an exogenous variable. Particularly,
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the recentindependent causal mechanisth&M)-based
methods (Subbaswamy et al., 2019; 8kbpf et al., 2021)
causally factorized the joint distribution into the mutable
(M) set and the stableS] set, which contained variables
with changed and unchanged causal mechanisms, respec-
tively. By intervening orM , they obtained a set of stable
predictors, with each containing a stable subs& tf trans-

fer. Compared to ICP-related methods (Peters et al., 2016;
BUhlmann, 2020), these stable predictors exploited more
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Figure 1: FAQ prediction in Alzheimer's disease. (a) Comparison of maximal mean square error (max. MSE) over deployed environments.
(b) Max. MSE of subsets that are ranked in ascending order from left to right, respectively according to the estimated worst-case risk of
our method (marked by red) and the validation's loss adopted by (Subbaswamy et al., 2019) (marked by blue).

types of invariance and thus potentially had better predic-  ysis from the causal perspective. To the best of our

tion power. However, an important question on robustness  knowledge, this is thest work to study the problem

has not been studiedvhich subset 0§ should the model of which invariance should we transfen the literature
transfer, in order to achieve optimal generalization ability? of robust learning.

2. We de ne an equivalence relation between stable sub-
sets, and accordingly propose to search over only equiv-
alence classes. This new search algorithm can be ef -
ciently solved in polynomial time.

3. We achieve better robustness and stability than others
on synthetic data and Alzheimer's disease diagnosis.

In this paper, we give a comprehensive answer from the
perspective of the structural causal model. Speci cally, we
rst provide a graphical condition that is suf cient for the
whole stable set to be optimal. This condition can be easily
tested via causal discovery. When this condition fails, we
construct an example that counter-intuitively shows that this
whole stable set, although keeps all the stable information,
is NOT the optimal one to transfer. Under this case, we pro2. Related work

pose aroptimizationscheme over the intervention functions Causalitv-based domain aeneralizationThere are emera-
onM , which is provable to identify the worst-case risk for . y 9 ) 9

oo ing works that considered domain generalization from the
each stable subset. Our key observation is that the source 8ausa| erspective. One line of works (Arjovsky et al., 2019:
dataset shifts is governed W ; therefore, the intervention Persp ' ] v '

: ; - Liu et al., 2021; Ahuja et al., 2021; Ausset et al., 2022)
onM, if set appropriately, can well mimic the worst-case . . .
deployed environment. Back to the FAQ prediction examplepromomd invariance as a key surrogate feature of causation
. ' ; where the causal graph was more of a motivation. Another
Fig. 1 (b) shows that our method can consistently re ect the

maximal mean squared error (max. MSE) of stable subset”'ne of works (Peters et al., 2016; Rojas-Carulla et al., 2018;
q ! Nartinet et al., 2022) was based on invariance assumptions

as a contrast, the validation's loss adopted by (Subbaswan garding the causal mechanisms. The works most relevant

et al.., 2.019) fails to do SO- This explains our.adv.antage ir}o us are (Subbaswamy et al., 2019; 8kbpf et al., 2021)
predicting FAQ across patient groups shown in Fig. 1 (a). which followed the principle of independent causal mech-

To ef ciently search for the optimal subset, we de ne an anisms (Scblkopf et al., 2012) to identify invariance by
equivalence relation between stable subsetslgaparation removing the mutable causal mechanisms. However, they
such that two equivalent subsets share the same worst-cadiel not study how to select the optimal subset in terms of
risk. We theoretically show that compared to exhaustivelyrobustness on out-of-distribution generalization.

searching over all subsets, searching over only equivalencS

classes can reduce the exponential complexity to a pol no_ptimization—based domain generalization.Some recent
P plexity poly works, e.g, DRO (Sinha et al., 2018) and (Sagawa et al.,

mial one. The effectiveness and ef ciency of our methods . o

; y . 2019; Wu et al., 2022) formulated domain generalization

are demonstrated by the improved robustness, stability, an - o Sz

. . . ._as a minimax optimization problem and optimized the pre-

computation ef ciency on a synthetic dataset and the diag-; o :
: LT dictor for robustness. For optimization convenience, they

nosis of Alzheimer's disease.

usually constrained the dataset shifts to a limited extent,
Contributions. To summarize, our contributions are: which limited their application in the real worldn con-
1. We propose to select the optimal subset of invarianc érast, we adopt optimization to estimate the worst-case risks

X ) - of predictors, then select the best one via comparison. Our
to transfer, guided by a comprehensive minimax anal-
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method can generalize well in a broader distribution familyP&(V) = Qi Pe(VijPa(V,))), wherePe(VijPa(V}))) is
where the extent of dataset shifts can be unbounded. the causal factor of/,. Based on the principle of inde-

. pendent causal mechanisms (8i&opf et al., 2012), these
Heterogeneous causal discoverur work bene ts from
causal factors are autonomous of each other. On the ba-

the recent progress in heterogeneous causal discovery (Gh%ISSE of this, the intewentional distribution is de ned as

2 ol0 that s06ks to e the causal oranh with dara ronP (VI =) = )¢ PV Pa(y ) 1y -y . Here
graph with data from _ o . )

. . ; . do(V; = v;) means liftingV; from its original causal mecha-

multiple environments. However, unlike causal discovery . e ) L
. . .~ “nismgf(Pa(V;); Ui) and setting it to a constant valug

that recovers causal relationships, we focus on minimax '

analysis and robust subset selection. In addition to the Markovian assumption, we also assume

the causal faithfulness, which enables us to infer the graph

structure from probability properties:

Assumption 3.2(Causal faithfulness)For disjoint vertex

We consider the supervised regression scenario, whergtsA:B;Z V,A? BjZ) A ? s BjZ.

the system includes a target variaMe2 Y, covariates

X :=[X1;::;X¢] 2 X, and data collected from heteroge- Sparse mechanism shift hyg4Td [(Ad [((]TJ/F11 9.9626 Taal 00 1 4

neous environments. In practice, different “environments”

can refer to different groups of subjects or different experi-

mental settings. We denote the set of training environments

ask; , and the broader set of environments for deployment

asE. We denoteE as the environmental indicator vari-

able with supporE. We useD <ge2e,, to denote our train-

ing data, withDe:=f (X£;y)oee, iia Pe(X;Y) being

data collected from environmest In a directed acyclic

graph (DAG)G, we denote the parents, children, neigh-

bors, and descendants of the veftéxasPa(V;), Ch (V;),

Neig (V;), andDe (V;), respectively. We us2 g to denote

d-separation irG. We denoteGy- as the graph attained via

deleting all arrows pointing intd;.

3. Preliminary

Our goalisto nd the most robust predictbr among stable
predictors with data fronk, . Here, we say a predictor
f:X 1Y isstableifitisindependent &. We denote the
set of stable predictors &5 . For robustness, a commonly
adopted measurement (Peters et al., 2016; Ahuja et al., 2021)
is to investigate a predictor's worst-case risk, which provides
a safeguard for deployment in unseen environments. That
is, we wantf to have the following minimax property:

f (x)=argmin maxEpe[(Y f(x))?]: (1)

for g €2

Next, we introduce some basic assumptions, which are com-
monly made in causal inference and learning (Spirtes et al.,
2000; Pearl, 2009; Arjovsky et al., 2019).

Assumption 3.1(Structural causal model)Ve assume that
P€(X;Y) is entailed by anunknownDAG G overV for

alle 2 E, whereV := X [ Y. Each variable/; 2 V

is generated by a structural equatir= gZ(Pa(Vi); U;),
whereU; denotes an exogenous variable. We assume each
g° is continuous and bounded. Each edged V; in G
meansV; is a direct cause o¥; . Besides, we assume the
model is Markovian which states that? ¢ BjZz) A ?

BjZ for disjoint vertex seté\;B;Z V.

According to the Causal Markov Condition theorem (Pearl,
2009), the joint distribution can be causally factorized into
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Figure 2: lllustration of the graphical condition in Thm. 4.1. Stable
and mutable variables are respectively marked blue and red. In
both (a) and (b), we have X3, = {Xu }; W = {X1}.

4. Minimax analysis for the optimal subset

In this section, we provide a comprehensive minimax analy-
sis to answer the above question. At a first glance, one may
take .S as optimal since it keeps all stable information. We
shall show that this is not necessarily the case. To this end,
we first provide a graphical condition for the whole stable
set to be optimal, i.e., S* = S. This graphical condition
can be easily tested via causal discovery. Second, when
this condition is not met, we offer a counter-example in
which .S is not optimal. Then, to identify S* in this case, we
propose an optimization scheme that is provable to identify
the worst-case risk for each subset, equipped with which we
can pick up the S* as the one with minimal worst-case risk.

Next, we first introduce a graphical condition and show that
the whole stable set S is optimal under this condition.

Theorem 4.1 (Graphical condition for S* =5). Suppose
Asm. 3.1 holds. Denote X, :=Xu N Ch(Y) as mutable
variables in Y’s children, and W = De(X},)\ X}, as
descendants of X?,. Then, we have S* = S if Y does not
point to any vertex in W.

To understand the graphical condition, note that Y A W
enables applying the inference rules (Pearl, 2009) to remove
the “do” in P(Y'|Xs, do(xm)) and degenerate it to a con-
ditional distribution P(Y'|X"), for some X’ C X. This
degeneration allows us to construct a P® where any other
predictor has a larger quadratic loss than fs (Rojas-Carulla
et al., 2018), thus proving the optimality of S. Formally, we
have the following equivalence result:

Proposition 4.2. Under Asm. 3.1, the graphical condition
holds if and only if P(Y|Xs, do(xm)) can degenerate to a
conditional distribution without the *““do”.

Example 4.3. To understand this equivalence, consider the
DAG shown in Fig. 2 (a), where Y -4 W. We then have
Y _U.Gm X1; X]ule and hence P (Y |X1; X2, dO(XM)) =
P (Y |X2). As a contrast, for the DAG shown in Fig. 2 (b),
the collider X; causes Y ,JLGW X |X1 and prevents the
removing of the “do” in P (Y |X1; do(Xar)).

The graphical condition can be effectively tested via causal
discovery, as guaranteed by the following proposition:

Proposition 4.4 (Testability of Thm. 4.1). Under Asm. 3.1-
3.3, we have that i) the W is identifiable; and ii) the condi-
tion Y A W is testable from {De }ece, -

Remark 4.5. Totest Y 4 W, we first learn the skeleton
of G, followed by detecting X, and W with the heteroge-
neous causal discovery algorithm CD-NOD (Huang et al.,
2020). Then, we have Y 4 W if and only if Y is not
adjacent to W because W C De(Y") by definition. More
details are left to Appx. B.

Thm. 4.1 only provides a partial characterization for S to
be optimal; it is still unclear whether the whole stable set
is optimal in all cases. In the following, we give a negative
answer with a counter-example, whose DAG of Fig. 2 (b)
does not satisfy the graphical condition and Y, X\,, X are
binary variables. We have the following result:

Claim 4.6. There exists P(Y) and P(X;1|Xm,Y), such
that fs(z) := E[Y]|z1,do(zm)] has a larger worst-case
risk than fy(x) := E[Y|do(zm)]:

maxEpe[(Y — fs())’] > maxEpe[(Y — fo(x))?].
ect ect

Remark 4.7. This result seems surprising as intuitively the
whole stable set should be optimal since it fully exploits the
stable information, according to existing minimax results in
(Peters et al., 2016; Rojas-Carulla et al., 2018). To explain,
one should note that these results are built on conditional dis-
tributions, where one can construct a P€ to make any other
subset have a larger quadratic loss than S. However, when
the interventional distribution can not degenerate, such con-
struction is generally not feasible. Please refer to Appx. A.2
for details.

Under general cases where the whole stable set may not
be optimal, it remains unknown that which subset of S
is the optimal one to transfer. To answer this ques-
tion, we propose to estimate the worst-case risk Rs, :=
MaXece EPE[(YffS/(.’I}))Q] for each subset S’ C S; then
the S* corresponds to the subset with minimal R.

For this purpose, we consider a distribution family
{Ph}n, where h maps from Pa(Xm) to Xm and Py =
P(Y, Xs|do(Xm = h(pa(xm))). This distribution set
keeps the invariant mechanisms of Y and Xg unchanged
while allowing the Xy, given their parents to vary arbitrar-
ily, which can well mimic the distributional shifts among
deployed environments in £. Particularly, we show that the
worst-case risk Rs/ can be attained at some P, where h
is a Borel measurable function. Formally, denote the Borel
function set as 13, we have:

Theorem 4.8 (Worst-case risk identification). Let Ls/ :=
Maxnes Ep, [(Y—fs: (x))?] be the maximal population loss
over { P }hep for subset S”. Then, we have Ls, = R for
each S’ C S. Therefore, we have S* = argming, g Ls'.
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This result inspires the following optimization scheme over
functions h € B to estimate Rs::

max Ls/(h) :=Ep, [(Y — fs/ (x))?],
eB

as the optimality of which is assured to attain Rs:. To
implement, we parameterize 4 with a multilayer perceptron
(MLP) h and optimize over 6, due to the ability of MLP
to approximate any Borel function (Hornik et al., 1989).
To show the tractability of this optimization, we have the
following identifiability result for L£s:(h):

Proposition 4.9. Under Asm. 3.1-3.3, the P, fs/, and
hence Ls/(h) are identifiable.

5. Searching S* among equivalence classes

In this section, we provide Alg. 1 to identify 5™, which com-
bines Thm. 4.1 and Thm. 4.8. Specifically, Alg. 1 returns .S
as S* (line 3), if the graphical condition Y 4 W is tested
true. Otherwise, it searches over subsets to identify S* in
terms of the estimated worst-case risk £. For this purpose,
a simple search method that is commonly adopted in the
literature (Peters et al., 2016; Rojas-Carulla et al., 2018;
Magliacane et al., 2018; Subbaswamy et al., 2019) is to
exhaustively search over all subsets of S.

In the following, we provide a new search strategy with
better efficiency, by noticing that the exhaustive search can
be redundant for subsets that have the same worst-case risk.
Formally, we introduce the equivalence relation as follows:

Definition 5.1 (Equivalence relation). Consider a general
graph G over the target Y and covariates X. Let ~g be an
equivalence relation on all subsets of {1, ...,dim(X)}. We
say S’ ~g S” if 35, C S’ N S” such that:

Y lg ng |X5m7 where S% =(S'uU S//)\Sm. 3)

Algorithm 1 Optimal subset S* selection.

Input: The training data {De }ecs, -

Learn the skeleton of G; detect X?,, W.
if Y 4 W then
S* + S.
else
Recover Pow(.S)/ ~c with Alg. 2.
ﬁmin < 0.
for [S’] in Pow(S)/ ~g do
if L5/ < L then
Loin < Ls/, S* <+ 5.
end if
end for
cend if
. return S*.

=

#Thm. 4.1

@O N AE N

#Thm. 4.8

el el =

Algorithm 2 Equivalence classes recovery.

1. function recover(G)
2:  if Neig(Y) = 0 then

3 return {Pow(S)}.

4:  else

5: Pow(S)/~g+ 0.

6: for S’ € Neig(Y) do

7. Construct a MAG Mg over S\Neig(Y ), with S’

as the selection set, Neig(Y )\S® as the latent set.

8: Pow(S\Neig(Y ))=~nig < recover(Mg).

o: Add S° to each subset in Pow (S\Neig(Y ))=~ns.
10: Pow(S)=~¢ .append(Pow(S\Neig(Y )=~ ).
11: end for
12: return Pow(S)/ ~g.

13:  endif

14: end function
Input: The causal graph G.

1. Let Gs the subgraph of G over Xs UY.
2. return recover(Gs).

We call elements of the quotient space Pow(S)/ ~c as
equivalence classes. We use [S] := {S"|S" ~g S’} to de-
note the equivalence class of S’ and Ng := |Pow(S)/~g|
to denote the number of equivalence classes.

Remark 5.2. The causal graph G in Def. 5.1 can be a Maxi-
mal Ancestral Graph (MAG) (Spirtes et al., 2000), where bi-
directed edges (++) and undirected edges (—) exist due to un-
observed confounders and selection variables, respectively.
Correspondingly, “ L™ in Eq. (3) refers to m-separation.

In our scenario, we are interested in the ~g relation be-
tween stable subsets in the subgraph Gs over Xs UY,
which corresponds to conditioning on “do(xm)” in G.
According to Def. 5.1, two stable subsets S’ and S”
are equivalent if they share an intersection set S~ that
can d-separate S’\Sn and S”\Sn from Y. As a result,
we have P(Y|Xsl,d0(m|\/|)) . P(Y|X5m,d0(.’1}M)) =
P(Y|Xsr,do(xm)) and hence Rs =Rs». For example,
in Fig. 2 (a), we have {X5} ~¢ {X1; X2} as X, = {Xz}
d-separates Xge = {X1; X2}\{Xz2} = {Xa1} fromY in Gs.

With this ~g equivalence, we only need to search equiva-
lence classes, rather than all subsets. To enable this search,
we provide Alg. 2 to recover the Pow(S)/ ~¢ in a recur-
sive manner. Specifically, given the input graph G, we first
obtain the subgraph Gs by removing Xy, in G. Then we
find Y’s neighbors. Since any two vertices in Neig(Y") can-
not d-separate each other from Y, we go over each subset
S’ C Neig(Y) to construct a MAG over vertices other than
Neig(Y), with S’ as the selection set and Neig(Y)\ S’ as
the latent set. Then it is left to recover equivalence classes in
each MAG, and include them to Pow(SS)/ ~¢ after append-
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Subgraph G, over X, UY

2nd recurs.
Sel./lat.

MAG

O ®

Eq. cls.

Figure 3: An example to illustrate Alg.2. Stable and mutable
variables are respectively marked blue and red.

ing the selection set S’ (line 9,10). We recursively repeat the
above procedure until Neig(Y") is empty, which indicates
all subsets are equivalent since all of them are d-separated
from Y. To illustrate, consider the following Exam. 5.3.

Example 5.3. Consider the causal graph G shown in Fig. 3.
We first obtain the Gs over Xs U Y, where Neig(Y) =
{X1; X3}. We then take each subset S’ C {X1; X3} as the
selection set and {Xi; X3}\S" as the latent set to respec-
tively construct MAGs (a-d) in the first recursion. For (a)
with Neig(Y) = {X4}, we both obtain the MAG in (a.1)
when taking {X4} (resp. @) and @ (resp. {Xa4}) as the se-
lection set (resp. latent set). Since Neig(Y) = 0 in (a.1),
there is only one equivalence class [0] := Pow({Xz; Xs}).
Following line 9 in Alg. 2, we append X4 and () to each
subset in equivalence classes of (a.1) to obtain the equiva-
lence classes of (a): [X4] and [@]. Similarly, after appending
the selection set S = {X1;Xz}, we include [Xi; Xs; X4]
and [X1; X3] to Pow(S)=~¢. We similarly apply this proce-
dure to (b),(c),(d), which respectively contribute equivalence
classes {[xl]}, {[X3]; [Xz; Xs}; [X3; X4]; [Xz; Xas; X4]}, and
{10]; [X]; [Xal; [X2; Xa} t0 Pow(S)=~g.

In practice, we cannot access the true causal graph G but
can only recover the graph that is Markovian equivalent to
G. The following proposition shows that Alg. 2 can still
recover Pow(S)/ ~ in this case.

Proposition 5.4. Under Asm. 3.1, 3.2, for each input graph
that is Markov equivalent to the ground-truth G, Alg. 2 can
correctly recover the Pow(S)/ ~c.

Besides, we in Appx. E.2 show that the complexity of Alg. 2
is O(Ng), i.e., same as the complexity of searching Ng
equivalence classes, which is discussed as follows.

Searching complexity. We show that compared to the expo-
nential cost O(29s) of exhaustive search, our search strategy
enjoys a polynomial cost P(ds) when Gs is mainly com-
posited of chain vertices. Here, a chain vertex is a vertex of
degree < 2, and a chain is a sequence of connected chain
vertices. Specifically, we have the following result:

Proposition 5.5 (Complexity (informal)). Let d<, and
d=2 1= ds — d<> respectively denote the number of chain
vertices and non-chain vertices. When the chain vertices
are “distributed intensively”, N = P(ds) if and only if
d>2 = O(log(ds)).

Here, “distributed intensively” means that chain vertices
compose only a few chains. Roughly speaking, this is be-
cause when the graph is composed of multiple chains that
do not intersect each other, Ng is determined by the product
of multiple chains’ lengths. As a result, the Ng tends to be
smaller when the number of chains is small. Formal and
more general results are left to Appx. E.

6. Experiment

We evaluate our method on synthetic data and a real-world
application, i.e., diagnosis of Alzheimer’s disease®.

Compared baselines. i) Vanilla that uses E[Y|z] to pre-
dict Y; ii) ICP (Peters et al., 2016) that assumed and used
the invariance of parental features P(Y |Pa(Y)); iii) IC
(Rojas-Carulla et al., 2018) that extended ICP to features be-
yond Pa(Y’); iv) DRO (Sinha et al., 2018) that constrained
the distance between training and deployed distributions
and conducted optimization for robustness; v) Surgery es-
timator (Subbaswamy et al., 2019) that used validation’s
loss to identify the optimal subset; vi) IRM (Arjovsky et al.,
2019) that learned an invariant representation to transfer; vii)
HRM (Liu et al., 2021) that extended IRM to cases with un-
known environmental indices, by exploring the heterogene-
ity in data via clustering; viii) IB-IRM (Ahuja et al., 2021)
that leveraged the information bottleneck to supplement
the invariance principle in IRM; and ix) Anchor regres-
sion (Rothenhdusler et al., 2021) that interpolated between
ordinary least square (LS) and causal minimax LS.

Evaluation metrics. We use the maximal mean square error
(max. MSE) and the standard deviation of MSE (std. MSE)
over deployed environments to evaluate the robustness and
stability of predictors, respectively.

Implementation details. We use two-layer nonlinear
MLPs to implement the fs: and A . Hyperparameter set-

Code is available at https://github.com/Imz123321/
which_invariance.
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(a) (b)

Figure 4: (a) The causal graph for synthetic data generation. Stable and mutable variables are respectively marked blue and red. The
dashed edge Xz, 99K X; does not exist (resp. exist) in setting-1 (resp. setting-2). (b) The learned causal graph on ADNI. The target
(FAQ) and biomarkers (ApE, GEN, EDU) are placed in the bottom right. Brain regions are placed at their positions in the brain.

Table 1: Evaluation on synthetic and ADNI datasets. The first column notes the methods we compare. The second and third columns
respectively represent the maximal MSE and standard deviation of MSE over deployment environments. The best results are boldfaced.

Method max. MSE ({) std. MSE ()
Syni Syn2 ADNI Syni Syn2 ADNI

Vanilla 1.33640:4 1.8611¢:4 1.399. 91 0.24049:0 0.48140-1 0.2994 -0
ICP (Peters et al., 2016) 1.85510:7 | 2.331i0:2 1176400 | 0.130410:1 0.2309:0 | 0.1551 ¢
IC (Rojas-Carulla et al., 2018) 1.21140:4 | 1.25440a 1165402 | 0.17640:2 | 0.194.¢.; | 0.1984¢:
DRO (Sinha et al., 2018) 1.36410:5 | 1.495.01 | 1.18140:0 | 0.25040:2 | 0.32640:0 | 0.14540:0
Surgery (Subbaswamy et al., 2019) 0.926¢-9 1.101491 1.069.40:1 0.028.¢9:0 | 0.0574¢:0 | 0.129.4¢
IRM (ArjOVSky etal., 2019) 1.1064¢:2 1.24649-1 1.22340:0 0.127 491 0.1644 91 0.177 400
HRM (Liu et al., 2021) 0.975410:0 | 1494101 | 1.272401 | 0.04610:0 | 0.31240:1 | 0.19410:
IB-IRM (Ahuja et al., 2021) 1.07610:0 | 1.07940:0 | 1.22240:2 | 0.05640:0 | 0.04040:0 | 0.11310:
AncReg (Rothenhdusler et al., 2021) | 0.938.¢:0 1.37740:2 1.13840:1 0.03349:0 | 0.25740:1 0.159.4 -9
Ours (A|g 1) 0-92610:0 1.079;&0:0 0.890i0;1 0.028;&0;0 0~034:t0:0 0.038i0;0

Table 2: Comparison of computational cost on ADNI.

Method Searching cost Time
Exhaustive (Pow(S)) 2% about 6.4y
Ours (Pow(S)/ ~g) 25307 42h

tings of our method and baselines are left in Appx. F.1.

6.1. Synthetic data

Data generation. We use the DAG in Fig. 4 (a) and the
structural equation V; = $g; (Zvjzpa(vi) i,jvj) +"; to
generate data, where af keeps constant, i.e., of = «; for all
e if V4 is a stable variable; or varies with e if V; is a mutable
variable. For each i, the function g; is randomly chosen
from {identity, tanh, sinc, sigmoid}. Each linear parame-
ter fi;j is randomly drawn from a uniformed distribution
U([—2,-0.5]U[0.5, 2]) and the noise item &; ~ A(0,0.1).
We generate 20 environments and ne = 100 samples in each
environment. To
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1
1(spars

Figure 5: Results on synthetic data. (a) Setting-1: max. MSE of different subsets, where the whole stable set S is optimal. (b) Setting-2:
max. MSE of subsets ranked in the ascending order from left to right, respectively according to the estimated £ of our method and the
validation’s loss adopted by (Subbaswamy et al., 2019). (c) Comparison of searching cost when d- > increases.

mal max. MSE as expected; in setting-2, the subset with
minimal £ also has the minimal max. MSE over deployed
environments. Besides, we can observe that the max. MSE
shows an approximate increasing trend in subsets ranked by
our method; as a contrast, the trend is decreasing in those
ranked by the validation’s loss adopted by (Subbaswamy
et al., 2019). This result suggests that our method can con-
sistently reflect the worst-case risk.

Analysis of ~g equivalence. To show the effectiveness of
Alg. 2 in recovering equivalence classes, we compute the
intra-class standard deviation, and compare it with inter-
class std., in terms of max. MSE. For intra-class std., we
first compute the standard deviation of max. MSE over all
subsets in each equivalence class, then take the average over
all equivalence classes. For inter-class std, we first compute
the average max. MSE over all subsets in each equivalence
class; then we compute the std. of the average max. MSE
over equivalence classes. In Tab. 3, we observe that the
intra-class std. is much smaller than the inter-class std. This
result suggests that our Alg. 2 to identify equivalent subsets
is effective enough to guarantee the validity of searching
over only equivalence classes rather than all subsets.

Searching complexity. We first generate a sequence of
causal graphs (Fig. 8) with d=» growing, by deleting/adding
edges in the graph shown in Fig. 4 (a) and then compute
the searching cost for these graphs. We can see in Fig. 5
(c) that i) compared with the exhaustive search, our method
can significantly save the searching cost in both sparse and
dense graphs; ii) the searching cost over equivalence classes
decreases when d~» decreases.

6.2. Alzheimer’s disease diagnosis

Dataset & preprocessing. We consider the Alzheimer’s
Disease Neuroimaging Initiative (Petersen et al., 2010)
(ADNI) dataset, in which the imaging data is acquired from
structural Magnetic Resonance Imaging (SMRI) scans. We
apply the Dartel VBM (Ashburner, 2007) for preprocess-

ing and the Statistical Parametric Mapping (SPM) for seg-
menting brain regions. Then, we implement the Automatic
Anatomical Labeling (AAL) atlas (Tzourio-Mazoyer et al.,
2002) and region indices provided by (Young et al., 2018)
to partition the whole brain into 22 regions (Tab. 4). In
addition to brain region volumes, we also include demo-
graphics (age, gender (GEN)) and genetic information (the
number of ApoE-4 alleles (ApE)). With these covariates,
we predict the Functional Activities Questionnaire (FAQ)
score (Mayo, 2016) for each patient. We split the dataset
into seven environments according to age (<60, 60-65, 65-
70, 70-75, 75-80, 80-85, >85), which respectively contain
ne =27,59,90,240,182,117,42 samples. We repeat 3 times,
with each time randomly taking four environments for train-
ing and the rest for deployment.

Causal discovery. The learned causal graph is shown in
Fig. 4 (b). As we can see, the affection of AD (measured
by FAQ score) first shows in the hippocampus (HP) and
medial temporal lobe (TML), then propagates to other brain
regions, which echos existing studies that the HP and TML
are early degenerated regions (Barnes et al., 2009; Duara
et al., 2008), Besides, we observe that the caudate (CAU),
pallidum (PAL), and hippocampus (HP) are mutable regions,
which agrees with the heterogeneity found in different age
groups (Cavedo et al., 2014; Fiford et al., 2018).

Equivalence and searching complexity. As shown in
Fig. 4 (b), we have FAQ — TML, which violates the graphi-
cal condition (TML € W) in Thm. 4.1. We thus search over
equivalence classes to find S*. As shown in Tab. 2, there
are only 25307 equivalence classes out of the 225 subsets.
Correspondingly, the training time can be saved from about
55,687 hours ~ 6.4 years to only 42 hours.

Results. Fig. 1 (a) shows the max. MSE of our method
and baselines. As we can see, our method significantly out-
performs the others, which demonstrates the effectiveness
of Thm. 4.8 in robust subset selection. Further, Fig. 1 (b)
shows that the max. MSE of subsets ranked by our method
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appears a positive correlation with the true worst-case risk;
as a contrast, the correlation is negative for the max. MSE of
subsets ranked by the validation‘s loss. Particularly, the top
subset selected by our method {FSL,TSL,TIL,PSL,OML,CM}
reaches a max. MSE of 0.890; while the one selected by
the validation‘s loss {FSL,FML,TSL,TIL,PSL,CA, THA,GEN}
only has a max. MSE of 1.069. These results demonstrate
the effectiveness of our method in estimating the worst-case
risk. The improvements over ICP, IRM, and their exten-
sions can be attributed to the property use of invariance
beyond stable causal features/representations. The advan-
tage over DRO may lie in the robustness of our method
beyond bounded distributional shifts; while the advantage
over Anchor regression can be contributed to the relaxation
of the linearity assumption.

7. Conclusion

In this paper, we propose a causal minimax learning ap-
proach to identify the optimal subset of invariance to trans-
fer, in order to achieve robustness against dataset shifts. We
first provide a graphical condition that is sufficient for the
whole stable set to be optimal. When this condition fails,
We propose an optimization-based approach that is provable
to attain the worst-case risk for each subset. Further, we pro-
pose a new search strategy via d-separation, which enjoys
better efficiency. The subset selected by our method out-
performs the others in terms of robustness on Alzheimer’s
disease diagnosis. In the future, we are interested to extend
our results to cases where the DAG is allowed to vary, which
may happen when there are many deployed environments.
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A. Causal minimax theories
A.1. Proof of Thm. 4.1: Graphical condition for S* = S

Thereom 4.1. Suppose Asm. 3.1 holds. Denote X, := Xpm N Ch(Y) as mutable variables in Y’s children, and
W = De(X{,)\ XY, as descendants of X{,. Then, we have S* = S if Y does not point to any vertex in W.

Proof. Define Wy, := X\ (XY, UDe(X},)) as variables beyond Xy, and their descendants, X3, := Xpm \ X}, as mutable
variables beyond Y’s children.

We first show the equivalence of the following conditions; then show under either of them, we have S* = S.
(L) Y Loy, WIW,;

(2) Y does not point to any vertex in W;

(3) P(Y|Xs,do(xm)) can degenerate to the conditional distribution P(Y |W2).

We introduce some notations that will be used in the proof. For a vertex Vi, denote An(V;) as the set of its ancestors, Gi-as
the graph obtained by deleting all arrows pointing into Vj, Gy, as the graph obtained by deleting all arrows emerging from
Vi. To represent the deletion of both pointing (to V;) and emerging (from V) arrows, we use the notation Gv—ivj.

In the following, we will show the equivalence of conditions (1), (2), and (3). Firstly note that (2) is equivalent to “Y is not
adjacent to W” due to the assumed acyclic of G. Also note that Xs U X}, = W U Wha.

(1)=(2) Prove by contradiction. Suppose Y and W are adjacent, then they are also adjacent in G- because WNXR, = 0.
M
As aresult, Y and W can not be d-separated by any vertex in Gy, which contradicts with (1).

X9,
(2)=(3) SinceY ¢ Pa(X},), we have:

- Plpa(n) s p(rilpal))
plpa()) Sjes p(rilpali)d
L plpal) e prilpaGe) S, cxi, 1 (@ilpaa)
— p(lpa®)) Tics pxilpa(ei) T xcxa, Po(wilpalzi))dy
o (Y. @5, @l ldo(@ly))
p(y, @s, Ty [do(ayy ))dy

p(ylzs, do(zm)) =

= p(ylzs, 2y, do(an)), (4)

which indicates P(Y |Xs, do(zm)) = P(Y | Xs, Xy, do(zly)) = P(Y W, Wa, do(x,)).
Unfold P(Y |W, Wa, do(x},)) with the definition of interventional distribution, we have:

L PIPa()) o, cw 1@ Pa)) o, cw, P ilpa(e)

s w2, do(xyy)) = Q Q : 5
Pyl w2, do(emn)) = B o) o, oo PP PG e, PPGEIPAE)g ©
Since Pa(Y) N {X{,, W} = @ and VX; € W, Pa(X;) N {X},, W} = 0, we further have:
e Q e (e _
p(y|w, wa, do(xzRy)) = RV W t2) e P [paz;)) (6)

Pe(ys w2) ~ x, ew P°(j[palzi)dy’

If Y and W are not adjacent, then V.Xj € W,Y ¢ Pa(Xj). As aresult, p(y|w, w2, do(x},)) = % = p(y|wo),

which means P(Y'|Xs, do(zm)) = P(Y|W, Wa, do(z{,)) = P(Y|W-) can degenerate to a conditional distribution.
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A.2. Details of Claim 4.6: Counter-example of S* # S

Counter-example. Consider the DAG in Fig. 6, which is the same as Fig. 2 (b). We set Y, X5, X, to binary variables. We
will show that there exists P(Y"), P(Xs|Xm, Y) such that fs := E[Y |xs, do(xm)] is not minimax optimal.

Y X, X,

Figure 6: DAG of the counter example.
We show this by proving the predictor fs has a larger quadratic loss than fj:
E[(Y — E[Y |25, do(em)])’] > E[(Y — E[Y|do(zm)D)’]. (10)
Since we have:
E[(Y — E[Y|zs, do(zm)])*] = E[Y?] + E E2[Y |zs, do(zm)] — 2E[Y - E[Y |zs, do(zm)]],

and E[(Y — E(Y|do(xm)))2] = E[Y?] — E[Y]? due to that P(Y |do(zm)) = P(Y"), Eq. (10) is equivalent to:

E E?[Y|zs,do(zm)] > 2E[Y - E[Y |zs, do(zm)]] — E*[Y]. (11)
Besides, we have:
# #
2 x X 2
E E°[Y|xs, do(zm)] = p(zs|zm, YpEm|p(y) - E[Y]zs, do(zm)] (12)
eXm v ¥ # #

> X
E[Y - E[Y |zs, do(zm)]] = p(@s|rm, YIp(Em|p®) -y - E[Y|xs, do(zm)] . (13)

XsiXm Yy

i ) — PPY)P(Xs|Xm}Y) .
Since we have p(y|xs, do(xzm)) NIl we have:

p(y= Dp(as|rm, y = 1)

E[Y |zs, do(zm)] = —F 14
[¥lzs, doem)] O CAr) (14)
Substituting Eqg. (14) into Eq. (12), (13), we have:
. 2--X #ro 1 _, 43
E EV|Xa do(Xm)] = 4 plaslam p)p@mlp)p@y) - P4 DPlsltmy =1) g (15)
Xs;Xm y yp(y)p(x5|xm;y)
< > # _
E[Y - E[Y | Xs, do(Xm)l]= plaslzm PpEmlpp@) -y - 2 Dplslm.y = 1)
XeiXem et Y y P@P(zs|zm, y)
< X o N
- p(rslam, y=Dplamly=1)p(y=1) - LE=DPUskmy=D )
XsiXm y yp(y)p(ws\wm,y)

Denote ay :=p(y = 1), p(zm = 1|y) := amy, p(zs = 1|zm, y) = asmy. Because X, Xm are both binary variables, the
summation over them traverses over four indicator functions 1(zs = 0,zm = 0), 1(xs = 0,2m = 1), 1(zs = 1, 2m = 0),
and 1(xs = 1, xm = 1), which means the left side of Eq. (11) is:
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2
aya
yas11 +
ayasiy + (1 — ay)asio

2

E IE2[Y|$sa do(zm)] =1(zs=1,2m=1) (asllamlay + asi0amo(1 — ay))

Ay aso1
I(zs=1,2m=0)[asi11(1 — ami)ay + asi0(1 — amo)(1 — ay)] o +y(1s_ o +
ay(l — asi1) ?
1(0s =0, 2m=1) [(1 - +(1- 1- S
(zs ,Tm ) [( as11)am1ay ( as10)amo( ay)] ay(l ae) + (1 — ay)(l ~as10)
ay(l—a 2
153 =0, =0) [ -as0)(A—amiday + (-asoo)A-ama)1—)] g ——DE )
Yy S Yy S|
Similarly, the right side of Eq. (11) is:
2 a)%agllaml
2E[YE[Y |zs, do(xm)]] — E[Y"] =2 1(2s = 1,2m = l)a ast1 + (L — ay)asio
y Qs y) Qs
a2a2y; (1 — am1)
I(zs=1,2m =0 y7so1
(s = drm = 0} or + (L= ayYasno
02(1 - a511)2am1
1(zs =0,zm =1 Y
(s " )ay(l —as11) + (1 — ay)asio
ag (1 - ason)(1 — am1)
1 =0 =0 y —a2. 18
(s > m )ay(l —aso1) + (1 — ay)(l — asoo) B (18)

Let asio = 0.001, as11 = 0.999, asgp = aso1 = asio = 0.5, amo — 2am1 = 1,ay = 0.001, Eqg. 11 becomes “994 > —17,
which means Eq. 10 holds and S* # S. O

A.3. Proof of Thm. 4.8: Worst-case risk identification

Theorem 4.8. Let Ls/ := Maxnes Ep, [(Y — fs/(x))?] be the maximal population loss over { P, }neg for subset S”. Then,
we have Ls: = Rs:. Therefore, we have S := argming, g Ls-.

Proof. Recall that P, := P (Y, Xs|do(Xm =h(pa(xm))), where h is a Borel measurable function from Pa(Xv) to Xu.

To prove the theorem, we show that the worst-case risk Rs is attained when the causal factor P¢(Xm |Pa(Xm)) degenerates
to a delta function 1(Xpm = h*(pa(xnm))), for some Borel function 2* @ Pa(Xm) — Xwm-

First, consider the case where Xpm = {Xm}. The Rs/ expands into:
Z Z N

R = max ly — fs (@)’ pylpa®))p®(m|palzm))  p(zilpa(zi))dyde. (19)
y X ies

Let X := X\ (Xm U Pa(Xm)) be variables beyond X, and its parents. Split the integral in Eqg. 19 into three parts: the
integral over xnm, the integral over pa(zm), and the integral over y, 2. Denote the last part as:
ZZ

Y
l(am,pa(zm)) = [y~ fo @) plylpaly)) p(zilpa(zi))dydz. (20)
y X XiE)N(

i) 31 p (Tch )~
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Since in Eq. 21, the only item that varies with e is p¢(zm|pa(zm)), we can move the maxec¢ into the inner integral and
have: z z

Y
Rsr = max  I(zm,pa(zm))p®(zm|pa(zm))drm p(zilpa(zi))dpa(zm). (22)
pa(xm) ®F xm XiePa(Xm)

Let h*(pa(zm)) := arg maxx,, [(xm, pa(zm)) be a function from Pa(X\) to Xy, we have:
Z

Y
Rs/ = I(h* (pa(zm)), pa(rm)) p(zilpa(zi))dpa(zm), (23)
pa(xm) Xi€Pa(Xm)

which means the worst-case risk is attained when the causal factor P(Xm|Pa(Xm)) degenerates to a delta function
1(Xm = h*(pa(zm))). In addition, under Asm. 3.1, I(zm, pa(xzm)) is a continues function. By the Maximum Theorem
(Berge, 1963), h* := arg maxx,, {(zm, pa(xm)) is upper semi-continuous and thus a Borel function.

When Xy, contains multiple mutable variables, we can consider the maximization according to the topology order
{Xm:1, Xmi2, s Xmidw }, Wherg Xov:i is a mutable variable that is not the ancestor of any other variable in { Xm;j|j < i}.
That is, we consider the MaXeee ., - U(zm;i; Pa(zm;i))p®(zm;ilpa(zm;i))dzm;i sequentially fori = 1,2, ... dm.

Such a sequential maximization is plausible because the topology order of mutable variables is identifiable. Please refer to
the discovery of De(X;) for X € Xy in Appx. B.1 for details. O

17
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B. Causal discovery and structural identifiability

Minimax theories in Sec. 4 rely on the identifiability of specific causal structures, such as Xy, W. In this section, we will
prove the structural identifiability by offering causal discovery algorithms to recover them, with data from &;. Specifically,
we first show the discovery of several basic causal structures, then use them to prove Prop. 4.4 and Prop. 4.9.

B.1. Basic causal structures

In this section, we show the discovery of several basic causal structures: Xy, X2,, X8, UDe(X},), De(X;) for X; € Xu,
and Pa(X;) for Xj € Xm U De(Xwm). Our algorithms are inspired by (Huang et al., 2020).

We first introduce some notations. We use the subscript X;, Xj € X, V5,V € V to denote vertices; the superscript
V', V1 C V to denote vertex sets. Denote Ey as the environmental indicator variable with support &. Let Gayg be the
augmented graph (Huang et al., 2020) over V U Ey. We consider the causal DAG G as the induced subgraph of Gayg Over
V. We have the following 9626 Tf 122.64111 9933 -1.495in6 Tf 1 0 0 1 232.427 586.065d [703. We
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Discovery of Pa(Xj) for X; € Xym U De(Xm). This structure has been identified in lines 11 and 19 of Alg. 5.

Algorithm 4 Recovery of X{, U De(X$,)

1. Start with A, B « XY, and visited(X;) « false.
2: while B # 0 do
3. for XjeBdo

4: for X € Neig(Xj) do

5: if Xj ¢ Xm and Xj L Ey|(Z%) U X;)\D¥® then
6: A—AUXj.

7: if visited(Xj) = false then

8: B+~ BuU Xj.

9: end if

10: end if

11: if Xj € Xm and Xj ¢ Neig(Y) and Xj L Y|(Z'Y U X;)\DY' then
12: A+ AUXj.

13: if visited(X;) = false then

14: B + BU Xj.

15: end if

16: end if

17: end for

18: B« B\ {Xi}.

19:  end for

20: end while

Algorithm 5 Recovery of De(X;) for X € Xwm.

1: Start with B < Xy, and visited(X;) « false.
2: while B # () do
3. for Xj e Bdo

4 for Xj € Neig(X;) do

5: if Xj ¢ Xm and Xj L Ey|(Z%) U X;)\DJ*® then
6: orient X — Xj as X — Xj.
7: if visited(X) = false then
8: B +~ BUJXj.

9: end if

10: else

11: orient X — Xj as X « Xj.
12: end if

13: if Xj € Xm and bi_u- < bj_>i then
14: orient X — Xj as Xj — Xj.
15: if visited(X) = false then
16: B« BUXj.

17: end if

18: else

19: orient X — Xj as Xj < Xj.
20: end if

21: end for

22 B « B\X;.

23:  endfor

24: end while

19
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B.2. Proof of Prop. 4.4: Testability of Thm. 4.1
Proposition 4.4. Under Asm. 3.1-3.3, we have that i) the W is identifiable; and ii) the condition Y 4 W is testable from
{DE}eegtr'

Proof. W=(X\XY,) N De(X)=(X\X{) N X}, uDe(XY,) isidentifiable because X¢, and X, UDe(X},) are
identifiable, as shown in Appx. B.1. Since all vertices in W are descendants of Y, we have Y A Xj, X; € W iff Xj is not
adjacent to Y in the causal skeleton of Gyg. O
B.3. Proof of Prop. 4.9: Identifiability of Thm. 4.8

Proposition 4.9. Under Asm. 3.1-3.3, the P, fs/, and hence Ls/(h) are identifiable.

Proof. To identify Py, we need to use h(Pa(Xm)) to replace Xy, followed by regenerating X from Paem(Xi) for
Xi e DeGm(XM). Here, PaGW(Xi) denotes the parents of X in the graph G

To identify fs/, we need to sample from P(Y, Xs/|do(zm)), which involves intervening X and regenerating X from
Paem(Xi) for X € Deem(x,v.).

These structures, i.e., Xpm, De(Xj) for X; € Xnm, and Pa(X;) for X € Xpm U De(Xm) are readily identified in
Appx. B.1. O
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C. Empirical estimation methods
C.1. Estimation of fs/

We adopt soft-intervention to replace P¢(Xnm|Pa(Xm)) with P(Xn) and hence define:
h'd
P'(X,Y) = P(Y|Pa(Y))P(Xm)  P(Xi|Pa(Xj)), (24)
ies
which converts the estimation of fs: to a regression problem, i.e., fs/(x) = Ep/[Y|xs/, m]. To generate data distributed

as P’, we first randomly permute Xy, in a sample-wise manner to generate data from P(Xy\,). We then regenerate data for
X e DeGm(XM) from PaGW(Xi) via estimating the structural equation.

Indeed, we only need to regenerate DeGm(XM)m Blanketem(Y) since P'(Y|X) = P’(Y\Blanketem(Y)). Here,
Blanketei(Y)) is the Markovian blanket of Y" in the graph G.—. Following this intuition, we consider intervening on
another varlable set Xj, 1= X U {De(X{)\Ch(Y)} and regenerate X L) is
the minimum regeneration set in Prop. C.1.

Proposition C.1. For any admissible set Xq,, We have Deeq(xgo) - DeGq(Xdo) N BlanketexTo(Y) , which
means DerTO(Xj;O) is the minimum regeneration set.

Proof. We first prove a set X, is admissible, i.e., P(Y'|X\Xdo, do(zdo)) = P(Y |Xs, do(xm)) if and only if X§, C Xgo
and {Xs N Ch(Y)} N Xgo = (. Note that:
Q
o Plylpa(y)) QXEX\ Xe) p(zilpa(zi))
PYIPa(y)) ~x;cx\xao) P(TilPA(zi))dy
_nR P(y|Pa('y))nxie{x\xdo}nch(v)P($i|PG(fL'i))

p(y‘w\wdm do(mdo)) =

Q , 25
PIPA() ~ x,e e poniy ) P A dy =
and 0
_ p PWIPa(y) Sics P(zilpa(zi))
plylws, do@m)) = 5t loa)) ~scs vl [pale))dy
_ g PIPa()) | x,exsncny) P(zilpalzi)) (26)

PIPay)) ~ x,exsnchey) Pailpale)dy’
Together, Eq. 25 and Eq. 26 indicate P(Y |X\ X, do(z40)) = P(Y|Xs, do(xnm)) if and only if {X \ Xg4o} NCh(Y) =
Xs N Ch(Y"), which can be re-written as:
{X% N X5} U {Xs N Ch(¥) N X§o} = Xs N Ch(Y), (27)
where X§, is the complementary set of Xqo. Eq. 27 holds if and only if X2, C Xgo and {Xs N Ch(Y)} N Xgo = 0.

We then prove X, i 50) = De(XY)N(XsNCh(Y)). X;, is admissible as the conditions
X, € X, and {XsmCh(Y)} N Xdo 0 hold by definition. We show Deei(xdo) = De(X};) N (Xs N Ch(Y))
) D De(X{;) N (Xs N Ch(Y)).

i) Deei(xdo) - De(X )N (Xs NCh(Y)). Note that X3, € X}, U De(XM)0 which means De(Xj,) € De(X},).
Then, we have:
DeG—(Xdo) = De(Xg,) N (X50)° = De(Xgo) N (Xj)° N {De(Xyy) \ Ch(Y)}*
= De(X},) N {X§, UCh(Y)}} N {De(X{) U Ch(Y)}
C De(X{y) N {X§, UCh(Y)®} N {De(X{,)° UCh(Y)}
= De(X{;) N X§,;, NCh(Y) = De(XY;) N Xs N Ch(Y)
C De(X};) N (Xs N Ch(Y)). (28)
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i) Der;O (X5.) 2 De(XRy) N (Xs N Ch(Y)). Since X}, C X, De(X},) C De(X},). As a result, we have

De(X{)N(XsNCh(Y)) C De(XY,) C De(X},) and hence {De(X},)N(XsNCh(Y))\ X}, } € {De(Xi,)\ X550 -

Besides, note that X3, N De(X{,;) N (Xs N Ch(Y)) = 0, which indicates De(XY,) N (Xs N Ch(Y)) \ X}, = X,

and Dec_. (Xj,) = De(X3,) \ {De(X};) N (Xs N Ch(Y))}. As aresult, we have De(Xg,) N (Xs N Ch(Y)) C
do

DeréD (XEO)
Given that any Xy, needs to satisfy the two conditions, we have:

XR/I c Xdo = De(x(li/l) - De(xdo)»

Xgo C {Xs NCh(Y)}° = {Xs N Ch(Y)} C X5, (29)
Therefore, we have:
De(X{y) N {Xs N Ch(Y)} C De(Xdo) N XS0, (30)
which means Deg__(X3,) = De(X?,) N (Xs NCh(Y)) C Derd (Xqo) for any admissible set Xgo. O
do ©

Remark C.2. The X}, DerT(Xgo), and Pa(X;) for Xj in DerT(X;;O) are identifiable according to Appx. B.1.
do do

C.2. Estimation of Ls:

We first sample from F;,. Specifically, we replace X; with h(Pa(X;)) for X € Xy and regenerate data for X; € Deem
from PaGW(Xi) via estimating the structural equation. We then maximize Ep, [(Y — fs/(x))?] over h to obtain Ls..
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D. Equivalence relation and the recovery algorithm

We first introduce some notations that will be used in this section. We use the subscript X, Xj € X, V4, Vj € V to denote
variables and vertices; the superscript 57, S, S1 C S, V', Vi VI C V to denote variable and vertex subsets. A path
p =< Vi, Vs, ...,V > is asequence of distinct vertices with V; being adjacent to Vi; fori =1,2,...,1 — 1. We use [ to
denote the length of the path. The path p can be blocked by a vertex set VV/ means it can be d-separated by V'’ when G is a
DAG, and m-separated by V" when G is a Maximal Ancestral Graph (MAG). For a vertex V4, denote deg(V3) := |Neig(V3)|
as its degree. In a MAG, we use C, L to denote the selection set and the latent set, respectively.

D.1. Details of Def. 5.1: Equivalence relation

We first introduce the following lemma, which studies the property of d-separation and m-separation in the difference set.

Lemma D.1. Consider two vertex sets V', V2, and a path p. If p can be blocked by V! U V2 but can not be blocked by the
difference set (V! U'V?2)\VV2 = V1, then the set V2 contains a non-collider on p.

Proof. We first show p contains at least one non-collier. Prove by contradiction. Suppose all vertices on p are colliders.
Since p can not be blocked by V!, we have VV; € p, Vi € V! or 3 Vj € De(V;) such that Vj € V1. This means p can not
be blocked V! U V2, which is a contradiction.

We then prove the lemma by considering two cases: i) p contains only non-colliders; ii) p contains both colliders and
non-colliders. For i), since p can not be blocked by V!, all vertices on p are not in V1. Since p can be blocked by V! U V2,
at least a vertex on p is in V2, thus proving the lemma. For ii), since p can not be blocked by V!, V V; € p, we have: if V; is
anon-collider on p, Vi ¢ VV*; otherwise V; is a collider on p, Vi € V! or 3V; € De(V3) such that Vj € V!, thus in the set
V1 U V2. Therefore, the set V2 must contain a non-collider on p, otherwise, p will not be blocked by V! U V2. O

Definition 5.1. Consider a general causal graph G over an output Y and covariates X. Let ~g be an equivalence relation
on all subsets of {1, ...,dim(X)}. We say S' ~g S¥ if 354 C S'n S¥ such that:

Y Lo Xsiiye|Xsu, where (S1)° := (S* U ST)\SY. (31)

Proof. It is obvious that the ~g is reflective (S' ~g 5*) and symmetric (S ~g S = S ~g S). In the following, we
will show it is also transitive, i.e., S' ~g 1,5 ~g Sk = St ~g SK. We show this by constructing an intersection set
Sik cs'n SK such that Y Ies X(Sik)c|XSik.

Since ST ~¢ ST, wehave 35U s.t. Y ULg X(siiye|Xsi. Similarly for S3 ~g 5%, we have 35I%s.t. Y g X(six)c|Xsik.
In the following, we will construct the intersection set S™ from S1 N SIk,

1 [
st ® stusjusk

!Sij ‘ !Sjk Q !Sijusjk
Ysinsik Ysiinsic

(@) (b)
Figure 7: Illustration of union and intersection of Xsij and XS

Denote A := Xagii\ (siinsik) and B 1= Xgik\ (siinsik), as shown by Fig. 7 (a). We first show Y L A[Xsgiingix and
Y 1 B|Xsiinsik. We show this by proving that any path between Y and A (similarly B) can be blocked by Xgijgix.
Prove by contradiction. Suppose there is a path py :=< Y, Xy, ..., X), > between Y and X, € A such that p, can not
be blocked by Xsiinsik. We have pg can be blocked by the set Xg;«. This is because Xj, € A C Xgi\sik C X(sikye
and Y g Xsixye|Xsix. Therefore, by Lemma D.1, the set B = Xgix\ Xsiingix contains a non-collider denoted as X,
on po. Hence, we have a subpath of py, i.e., p1 ;=< Y, Xy, ..., X, > between Y and X, € B such that p; can not be
blocked by Xsiisix. Here, we have p; can be blocked by the set Xgi;. This is because X, € B C Xgi\sui € X(siiye
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and Y ILg X(siiye|Xsii. Therefore, by Lemma D.1, the set A = Xsi; \ Xsiingix contains a non-collider denoted as X,
on p;. Repeating like this, we have either X; € A C Xgix)c or X1 € B C X(siiye. Since X is adjacent to Y, this
contradicts with Y g X(gikye|Xgix 0rY g Xgiije|Xsii-

Further, denote D := X(siiusik)\(siinsik) and F = X(siusiusk)\(siinsik), @ shown in Fig. 7 (b). We have shown
Y lg D|Xgiinsix by combining the statements Y L g A|Xgiiqgik and Y L g B|Xgiingik. Next, we will show
Y lg F|Xsiingik. This means we can construct the intersection set S’ := (S 0 SIK) C (S' N SK) such that
Y Lg Xsik)e|Xsik, and hence proving S' ~g S* by definition.

We show this by proving that any path between Y and F can be blocked by Xgij~gik. Prove by contradiction. Suppose
there is a path py :=< Y, X1, ..., X, > between Y and X, € F such that p, can not be blocked by Xgijsik. We have
po can be blocked by Xsi; or Xgj«. This is because we have either Xj, € F C Xsii)c or Xj, € F C X(gixye and
Y g Xsine|Xsii, Y Lg Xsie|Xgix. Without loss of generality, we consider X, € Xsiiye and po can be blocked
by Xsii. By Lemma D.1, the set Xsii\ (siinsix) contains a non-collider denoted as X;, on p;. Hence, we have a subpath
of po, i.e., p1 :=< Y, Xy,..., X, > betweenY and X, € Xsii\(siinsix such that p; can not be blocked by Xgii nsik.
This contradicts with the statement Y 1 g D|X5ij ~sik, because Xsij\(sij NSik) - X(Sij USik)\(siinsik) = D.

To conclude, we have proved ~ is reflective, symmetric, and transitive. Hence, ~ is a legitimate equivalence relation. [

D.2. Proof of Prop. 5.4: Correctness of Alg. 2

Proposition 5.4. For each input graph that is Markov equivalent to the ground-truth graph G, Alg. 2 can correctly recover
Pow(S)/ ~c.

Proof. We first show, under Asm .3.1, 3.2, all Markovian equivalent graphs have the same equivalence classes. Specifically,
Markovian equivalent graphs have the same d-separation and m-separation (Pearl, 2009; Zhang, 2008). Because the
equivalence relation is defined on d-separation and m-separation, they also have the same equivalence classes.

We then introduce some notions that will be used in the proof. We use the unbolded letter, e.g., S', 7', to denote variable
sets, and the bolded letter, e.g., Pow(S), R}, to denote sets whose elements are variable sets. Recall that the equivalence
class of subset S is denoted as [S'] := {S¥|ST ~g S'}. We say a vertex X is Y’s I-neighbour if the shortest path between
Y and X has length [. As a special case, say Xj as the 0-neighbour of Y if there is no path between Y and X;. Define
Ic =0if Neig(Y) =0,and i = 1,2,...,1if Y has 1,2, ..., I-neighbours, respectively.

In the following, we will prove the correctness of Alg. 2 by induction on ig.

Base. l¢ = 0 = Neig(Y ) = 0. Hence, any two subsets S*; S7 C S are equivalent and Pow (S)=~¢g= {[S]} = recover(G).
Induction hypothesis. Suppose any graph G with ig < I has Pow(S)/~g= recover(G).

Step. Consider G with g = [ + 1.

Denote all the 29°&(Y) subsets of Neig(Y) as T, T2,..., 7>, We can partition the Pow(S) into 29°&(Y) sets
R, R2, ... R with Pow(S) = U7 R, RINRI = fori # j,and R' := {S¥|S' C S, ST N Neig(Y) = T'}.

Now, consider a subset S' € R and another subset S7 € RJ, we have S' g 3, because S' N Neig(Y) # S¥ N Neig(Y).

Therefore, the equivalence classes in Pow(S) is the union of the equivalence classes in R', R?, ..., R2%9, Formally:
Pow(S)/~e= UET  Ri/~a - (32)

A distinct virtue of the MAG constructed in Alg. 2 in line-7 is that it can represent d-separation and m-separation when
selection and latent variables exist. Specifically, given any causal graph G over V = O U L U C, the MAG Mg over O,
with C as the selection set and L as the latent set, satisfies that for any disjoint subsets A, B,Z C O, A Ln, B|Z if and
only if A 1L g B|Z U C (Zhang, 2008). Therefore, for the Mg over S\Neig(Y"), with S’ as the selection set, Neig(Y)\ S’
as the latent set, constructed in line-7, we have S', S3 C S\Neig(Y) are equivalent in Mg if and only if S* U S’, S} U S’
are equivalent in G.

Formally, denote R as the set attained via removing T2 from each element of R, denote M as the MAG constructed
in line-7 with T as the selection set, and P' as the set attained via adding 7" to each subset in each equivalence class in

ZNote that the T* here equals the S° in the i-th loop, in line-6 of Alg. 2.
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RY/~my, we have:
Ri/NG: Pi. (33)
Then, by Eq. 32 and Eq. 33, we have:

_ 2deg(Y)

Pow(S)/~c=Ui—; "Pi. (34)
Since Img, <1, by the induction hypothesis, we have P; = recover(Mg). According to lines 9 and 10 of the Alg. 2, we
have Pow(S)/ ~c= U2 recover(ML) = recover(G). O
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E. Complexity analysis

We first introduce some notations and definitions that will be used in this section. We omit the subscript and denote
Gs as G, ds as d for brevity. We use the subscript Xj, Xj € X, V;,Vj € V to denote variables and vertices; the
superscript S/, 8” C S, X', XJ C X, and VI, VI C V to denote variable and vertex subsets. For a vertex V;, denote
deg(V3) := |Neig(V3)| as its degree. Unless otherwise specified, the causal graph in this section can be either a DAG or a
Maximal Ancestral Graph (MAG). In a MAG, we use C, L to denote the selection set and the latent set, respectively. In a
causal graph, we use x—x* to denote an edge with any possible orientation (—, «— for a DAG; —, «—, ++, — for a MAG).

A chunk vertex is a vertex of degree 2. Recall a chain vertex if a vertex of degree < 2. A path p :=< V4, V5,...., 1} >isa
sequence of distinct vertices with V; being adjacent to Vi, fori =1,2,...,1 — 1. The length of the path p is [. The path p
can be blocked by a vertex set V! means it can be d-separated by V! when G is a DAG, and m-separated by \V/ when G is
a MAG. A tree is an undirected graph in which any two vertices are connected by exactly one path. In a rooted tree, the
distance of a vertex V; to the root is the length of the path between them. The parent of a vertex Vj is the vertex connected to
Vi on the path to the root. A child of a vertex Vj is a vertex of which Vj is the parent. A leaf is a vertex with no child. An
internal vertex is a vertex that is not a leaf.

We represent time complexity with the following notions:

1. the Big-O notation f(d) = O(g(d)), which means f is bounded above by g asymptotically, i.e., Yk > 0, 3 dp, Vd >
do, | f(D)] < kg(d).

2. the Small-w notation f(d) = w(g(d)), which means f dominates g asymptotically, i.e., Vk > 0, 3dg, Vd > dy, f(d) >
kg(d).

3. the Big- notation f(d) = (g(d)), which means f and g have asymptotically the same rank, i.e., 3k; > 0,3 ky >

4. f = P(d) if f has a polynomial complexity w.r.t. d, f = NP(d) if the complexity is larger than any polynomial
function.
E.1. Complexity of Alg. 2: Equivalence classes recovery

We first introduce the following lemma, which studies the number of leaf vertices in a tree.

Proposition E.1 (Number of leaf vertices in a tree). In a tree, denote d,_ as the number of leaf vertices, d-- as the number
of non-chain vertices. Then, we have d_ > d=o + 2.

Proof. Denote dt as the number of all vertices, then, by the handshaking lemma, we have:

K
do +2(dr —dL —ds2) +3d=2 < deg(Vj) = 2(dr — 1), (35)

i=1
which indicates d| > d=o + 2. O

Proposition E.2. The time complexity of Alg. 2is (Ng), hence it can be bounded by O(Ng).

Proof. Alg. 2 is a recursive algorithm, its complexity is decided by the size of the recursion tree.

Specifically, in the recursion tree of Alg. 2, the number of all vertices dt equals to the complexity of Alg. 2, while the
number of leaf vertices d;_ equals to Ng. Each internal vertex in the recursion tree has at least two children because the
for-loop in line 6 executes at least twice. Since each internal vertex also has a parent, its degree > 2. Then, by Lemma E.1,
dt is at most twice as d,_. Hence, the complexity of Alg. 2is (Ng). O
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E.2. Preliminary results for complexity analysis

Lemma E.3. If f(d) = w(log(d)), then 2F(d = ,(d™) for any constant m. In other words, 2@ = NP(d).

Proof. By the definition of f(d) = w(log(d)), Vk + 1 > 0,3 d, such that Vd > do f(d) > (k + 1)(log(d)) = klog(d) +
log(d). As aresult, Vk > 0,¥Ym + 1 > 0,3d; := max{do, log(k)} such that Vd > d;, f(d) > mlog(d) + log(d) >
mlog(d) + log(k), which is equivalent to have 2F(® > kn™. Thus, we have 2(@) = ,,(d™) by definition. O

Claim E.4 (Chain). For any causal graph G whose skeleton is a chain, i.e., Y x—x% Xgq x—x Xg_1 *—* - - x—x Xy, we
have Ng = d + 1.

Proof. We prove this claim with Alg. 2 and an induction on d.
Base.d =1, Ng =2=d+ 1.
Induction hypotheses. Suppose Ng = d + 1 holds for any chain with d vertices.

Step. For a chain with d + 1 vertices. We consider the case when X4 is a collider (similarly a non-collider). With
{X441} as the selection set, the induced MAG is Y % —x Xq *— Xq_1 *—* --- *—x* X7, which is a chain with d
vertices and has d + 1 equivalence classes by the induction hypotheses. With () as the selection set, the induced MAG is
Y Xgx—* Xq_1 *—x---*x—x X7 and has 1 equivalence class. Therefore, we have Ng =d+1+1=d+ 2. O

Claim E.5 (Circle). For any causal graph G whose skeleton is a circle, i.e., Y s« —% Xgx—x Xq_1 x—«--- x—x% X; and
Y x—x* X1, we have Ng = (d* +d+2)/2=(d?).

Proof. We prove the claim with Alg. 2 and Claim E.4. Denote a circle with d vertices as Gyg.

Consider the case when Xy is a collider (similarly a non-collider). With {Xq1} as the selection set, the induced MAG
iSY s—* Xgx—x---x—x Xy and Y x—x X1, i.e., acircle with d — 1 vertices. With 0 as the selection set, the induced
MAG iS Y #—x X7 *—x* .-+ x—x Xq_1, i.e,, a chain with d — 1 vertices. Hence, we have Ng, = d + Ng,_,, which means
{Ng, }q is an arithmetic sequence and Ng, = (d?). O

Lemma E.6 (Adding/deleting an edge). For any causal graph G, adding an edge does not decrease Ng, deleting an edge
does not increase Ng.

Proof. For a causal graph Gy, add an edge in it and call the resulting graph G; (which can also be viewed as deleting an
edge in G and getting a graph Go). We prove Ng, < Ng, by showingV .S’ 5", S’ #g, S” = S’ #c, S”.

Prove by contradiction. Suppose there are S/, S” such that S #%g, S” and S’ ~g, S”. By S’ ~g, S”, we have
35~ Ca, ' N S"such that Y g, Xse|Xs,. Because adding an edge does not change the vertex sets, we have
Sn Ce, S'NS". Because S’ g, S”, wehave Y L, Xse|Xs,. In other words, there is a path p in G, between Y and
Xse such that p can not be blocked by Xs, ..

In the following, we show that in G, the path p can not be blocked by Xs,, neither; which contradicts with Y L,
Xse | Xs,,. Specifically, p can not be blocked by Xs . in Gy means Xs_ does not contain any non-collider on p, and Xs ,
contains every collider (or its descendants) on p in Gio. Because in G, p is still a path between Y and Xse, and any collider
Xjonpin Gy isstill acollider on p in G1. Any vertex in De(X;), where Xj is a collider on p in Gy, is still a descendant
of the collider on p in G;. Any non-collider on p in Gy is still a non-collider on p in G;. We have the path p can not be
blocked by Xs_, in G1, neither. O

Lemma E.7 (Melting property). For a causal graph G over X U Y. Consider three three disjoint non-empty vertex sets C,
L, and O := X\(L U C). Let Mg be the MAG constructed® over O, with C as the selection set, L as the latent set. Then,
we have Ng > Nmc -

Proof. Recall that Alg. 2 traverses over every S’ C Neig(Y") and constructs 29¢&(Y) MAGs, and Ng is the summation of
the number of equivalence classes in the 24°s(Y) MAGs.

3We say that the M is constructed from G via “melting” vertices in C and L.
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Now, modified Alg. 2 in the following way. For element S’ C Neig(Y), if S matches < C, L >4, construct a MAG and
recover the equivalence classes in it; Otherwise, ignore S’ and continue. In this regard, the modified algorithm recovers the
equivalence classes in M. Since parts of the 29¢(Y) MAGs are ignored, we have Ng > Nmg- O

Claim E.8 (Complexity of tree). For any causal graph G whose skeleton is a tree with d,_ leaves, Ng = w(c%) for some
l<e< 2

Proof. We first prove the following claim. Suppose the skeleton of G is a tree with d;_ leaves, every internal vertex of the
tree is a non-chain vertex, then Ng = w(c%) forsome 1 < ¢ < 2.

Recall that an inducing path p with respect to < C, L > between V; and V5 is a path where every non-endpoint vertex on p
is either in L or a collider, and every collider on p is an ancestor® of either V7, V3, or a member of C. Two vertices in the
MAG are adjacent if there is an inducing path between them with respectto < C, L >.

1. To show Ng = w(c9t), we can use Lemma E.7 and show 3 sets O, C, L
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Algorithm 6 Rules to adjust the sets.

1. if VL isY then

2. O.add(Xi,, ..., Xi,).

3: else if Vi € O then

4: if V_ isa complete collider then
5 O.remove(V,), C.add(WV).
6: O.add(X;,, ..., Xi,).
7
8
9

else if V_ is a complete non-collider then
O.remove(1}), L.add(W,).

. C).add()(i17 ~--7Xir)-

10:  else

11: if r = 2 then

12: suppose Ej, has atail on Vi_, Ej, has an arrowhead on V.
13: O.add(Xi,).

14: if £, has a tail on Xj, then
15: O.remove(1}), L.add(W).
16: O.add(Xj,).

17: else

18: keep VL in O.

19: C.add(Xj,).

20: end if

21: else

22: suppose Ej, has atail on V.
23: O.remove(11 ), L.add(W).
24: if £, has a tail on Xj, then
25: O.add(Xi,, ..., Xi,).

26: else

27: C.add(Xj,).

28: O.add(Xi,, ..., Xi,)

29: end if

30: end if

31:  endif

32: else

33:  if Vi isa complete collider then
34: keep VL in C.

35: O.a.dd()(i17 ~--7Xir)-

36: else

3r: suppose Ej, has a tail on V_.
38: C.remove(V), L.add(V,).
39: if E;, has a tail on Xj, then
40: O.add(Xi,, ..., Xi,).

41: else

42: C.add(Xj,).

43: O.add(Xi,, ..., Xi,).

44: end if

45.  endif

46: end if

When » > 3 (line 21 to line 30), because V_ is neither a complete collider nor a complete non-collider, one edge of
Ej,, ..., Ej, has atail on V_. Without loss of generality, we suppose this edge is Ej,. Then, similarly to the scenario where
r =2,weput V_ into L, Xj, into Oif Ej, is Vi — X, and into C if Vi_ — Xj,. This makes sure the existence of inducing
paths between Y and vertices newly added to O (2. (a) holds). In addition, the number of leaves increases by » — 1, and |O|
increases by at least » — 2, which indicates 2. (b) holds.
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iii) Rule-3 (line 33 to line 45). Firstly note that if Vi_is notin O
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Back to 7', we have at least do — 8d; vertices having the following properties: i) They are chunk vertices in 7', and ii) both
of their two neighbors are chunk vertices in T'. Call such vertices pipe vertices.

Now we discuss the number of leaves in G’s maximum leaf spanning tree.

Suppose 7' is a maximum leaf spanning tree. Then, there are at least d, — 8d; pipe verticesin 7. Let U be a pipe vertex
in 7" and consider any edge U x—x V from U that is not in 7. We show V" must be a leaf in T". Prove by contradiction.
Suppose V is not a leaf in 7', then add the edge U «—=x V' into T" and delete one of the other edges incident to U to break the
cycle (so the result is still a spanning tree). This makes one of U’s neighbors in T a leaf, which indicates the number of
leaves increases. Because 71" is a maximum spanning tree, this is a contradiction and V' is a leaf in T". To conclude, for every
pipe vertex U, every edge incident to U except the two in T" goes to a leaf in T'.

Each pipe vertex in 7" is a non-chain vertex in GG, so we have at least d, — 8d; pipe vertices in 7" having deg > 3in G. Asa
result, there are at least do — 8d; edges incident to pipe vertices to the d; leaves in T'.

Next, we prove do — 8d; < dq, which indicates d; > édg and together with Lemma E.1 indicates d; = (d). Prove by
contradiction. Suppose do — 8d; > d;. Then at least one leaf in 7", say V/, is connected to two pipe vertices in T', say Uy, Us.
Then, add the edges V' x—x Uy, V x—x Us to T and delete one of the incident edges of Uy, Us each, we lose one leaf vertex
V in T', however, obtain two more (one of U;’s neighbors and one of Us’s neighbors), which contradict with 7" being a
maximum leaf spanning tree. O

Lemma E.10. For a connected causal graph G, if d=» = w(log(d)), then Ng = NP(d).

Proof. We prove the lemma by showing that any G with d=o = w(log(d)) has a maximum leaf spanning tree with w(d=2)
leaves. In the regard, by Lemma E.8, the maximum leaf spanning tree has at least w(2'°¢(d) = NP(d) equivalence
classes. Then, we can delete the edges in G until G becomes its maximum leaf spanning tree and use Lemma E.6 to show
Ng = NP(d).

We first construct a lower bound graph G of G such that Ng < Ng, by keeping all vertices of deg= 1, deg> 2, and removing
all the chunk vertices which have deg= 2. Specifically, use Lemma E.7 and iteratively melt the chunk vertex Xj, whose two
neighbors denoted as A;, Bj, with the following rules: i) If deg(A;) = 1, or deg(Bi) = 1, or deg(A;) = deg(B;) = 2, or
deg(A;) = deg(B;j) = 3, put Xj into L if it is a non-collider, C if otherwise. ii) Otherwise, one of deg(A;), deg(B;) is 2,
the other one is 3. Without loss of generality, suppose deg(4;) = 2,deg(B;) = 3. If A4; is adjacent to Bj and A;, X, Bi
form a cycle, then delete the edge A; x—x Xj. Otherwise, melt the vertex Xj (put it into L if it is a non-collider, C if
otherwise).

Next, we show that the G is a connected graph with at least d- vertices, such that every vertex in G is either of deg= 1 or a
non-chain vertex. This is because all vertices of deg= 1 in G are still of deg= 1 in G, all non-chain vertices in G are still of
deg> 3inG.

Hence, G has a maximum leaf spanning tree 7" with at least (d=2) leaves, according to Lemma E.9. By Claim E.8, we
have Nt = w(c9=2) forsome 1 < ¢ < 2. By LemmaE.7, we have Ng > Ng > N7, which together with d=» = w(log(d))
and Lemma E.3 indicates Ng = NP(d). O

Lemma E.11. Consider two vertex sets V', \VJ, and a path p between two vertices V3, V4. If p can be blocked by V*, but
can not be blocked by V' UV, then, we have V; L VIV'.

Proof. To prove the lemma, we construct a path p; between V; and a vertex in VJ such that p; can not be blocked by V.
We first prove the following properties i)-iv):

i) p must contain a collider. Prove by contradiction. Suppose all vertices on p are non-colliders. Then, since V! can block
p, we have V! contains at least one non-collider on p. Hence, the union set V' UV also contains a non-collider on p.
Therefore, p can be blocked by V' U V4, which is a contradiction.

i) In a similar way, we can prove that V' and V! U VJ do not contain any non-collider on p.

iii) Since p can be blocked by V! and ii), we have: 3 a collider on p such that the collider and its descendants are all in \/*.
iv) For any collider V¢ on p, if V. and any vertex in De(1%) are all not in y‘, then, either V or a vertex in De(1¢) is in Vi,
This is because if otherwise, Vi and all vertices in De(V;) are not in V! U V3. Therefore, the path p can be blocked by
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V' U VI, which is a contradiction.
We then construct the path p; in the following way:

Denote those colliders on p such that themselves and their descendants are all not in /' as (in the order of their distance to
‘/1) as {%17 ‘/Cza sy ‘/C| }

Now, consider the subpath p’ of p with p’ :=< V3, V5, ..., Vg, 1, Ve, >. We have the following analyses: i) By the definition
of V¢, among Vi, Vs, ..., Ve, -1, all colliders and their desce_ndants are in V', ii) Among V1, Va, ..., V¢, —1, all non-colliders
are not in V'. iii) Either V;, or a vertex in De(V¢,) isin \J.

If it is V;, € VI, then we have the path p; =< Vi, Vs, ..., Ve, > between V; and a vertex in VJ satisfying that p,
can not be blocked by V', because of i) and ii); If it is a vertex in De(\V}) that is in \VJ, then, we have the path
p1 =< V1, Vo, Vo — --- — Vj) for Vj € De(Ve, >, between V; and a vertex in V4 satisfying that p; can not be
blocked by V', because of i), ii), and the definition of V, . O

Lemma E.12 (Merging property). For any causal graph G where Y is adjacent to a vertex X, and vertices in V\{Y, X}
are adjacent to at most one vertex in {Y, X}, merge’ Y, X, into a new vertex ¥ and denote the resulted graph as G. Then,
we have N5 +1 < N < 2Ngs.

Proof. During the proof, we omit the subscript and denote Ng as N, Ng as IV, Xs; as X' for brevity.

Proof of the right side. We show for any T C {X,}, X!, X3 C V\{Y, X}, if X! ~5 XJ, then X' UT ~g XJ U T. In
this regard, for any subset T, there are at most N equivalent classes in G, thus N < 2/TIN = 2.

1. By X! ~g XJ, we have 3 XU C XTnXJ such that ¥ L XWX In other word, we have {Y, X} Lg XX,
2. When T =0, by 1., we have Y LLg X)X and thus X' ~g XJ holds.

3. When T = {X,}, by 1., we have: i) any path in G between X(1)" and Y can be blocked by X'}, and ii) any path in G
between X(D® and T can be blocked X', Next, we show any path in G' between X(1)° and ¥ can also be blocked by
XY U T, whichindicates X' UT ~g XJUT.

Prove by contradiction. Suppose there is a path between X ()" and Y" that can be blocked by X' and can not be blocked by
X UT. By Lemma. E.11, we can construct a path between X(1)° and T such that it can not be blocked by X, which
contradicts with 3. ii).

Proof of the left side. We first prove the in-equation under the case when X, is a complete collider®. With {X,} as the
selection set, the induced MAG is G, since there is at least one equivalent class when not conditioning on X, we have
N +1< NbyAlg.2and LemmaE.7.

For the cases when X is a complete non-collider, or X is a partial collider and 3 X; € De(X_) such that Xj is incident to
a tail-tail® edge, we can prove N + 1 < N in a similar way.

Next, we discuss the case where X is a partial collider and V.X; € De(Xy), X is not incident to a tail-tail edge. We first
show the following properties 1. and 2..

1. In G, for two vertex sets X', XJ , if X, € X and X, ¢ XJ, then X' 4 XJI. This is because Y is adjacent to X in G.

Further, we show for two vertex sets X', XJ, if X' N De(X,) # 0 and XJ N De(X,) = 0, then X' g XJ. This is
proved as follows. For X; € X' N De(Xy), there is a path p ;=< Y* — Xy — --- — X; > from Y to X;j. Since
XJ N De(Xy) =0,V XJ € XN X, wehave X1 N De(X,) = 0 and X; € X, Asaresult, v X1 C X nXIJ, there
is a path p between Y and X(1)° such that p can not be blocked by X' i.e., X1 %g XJ.

In G, similarly, for two vertex sets X', XJ, if X' N De(Xp) # 0 and Vj N De(X,) = 0, then X; £g XJ.

"The merging operation means contradicting the edge (Y; Xo) and merging Y; Xo into a new vertex Y . Edges incidentto Y in G are
edges incident to either Y or Xg in G, their orientations on the Y side can be randomly assigned, and do not influence N, while
orientations on the other side keep the same as in G.

8%, is called a complete (non-)collider if it is a (non-)collider on any path p :=< X;; Xo;Y > with X; € Neig (Xo)\{Yo}.

%A tail-tail edge is an edge *—x with orientations at both sides being tails, i.e., —. According to the definition of a tail-tail edge (Zhang,
2008), a vertex is incident to a tail-tail edge means it is an ancestor of a member of the selection set.
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2. In G, by 1., divide subsets of X into those that contain X, and those that do not contain X,. Denote the number of
equivalent classes in them as V1, N, respectively, we have N = N; + N,. Further, divide those subsets that do not contain
Xy into those that have an intersection with De(X) and those that have no intersection with De(X,). Denote the number
of equivalent classes in them as N3, Ny, respectively. We have No = N3 + Ny and thus N = Ny + N3 + Ny.

Similarly, in G, divide subsets of X\{X,} into those that have an intersection with De(X,) and those that have no
intersection with De(X). Denote the number of equivalent classes in them as Ny, No, respectively. We have N = N + Ns.

It is straightforward to have N4 > 1. In the following, we will show N7 > Ny, N3 = Ny andthus N > N + 1.

Claim. 1. For two subsets of vertex X*, XJ such that X' N (X, U De(X)) = § and XJ N (X, U De(Xy)) = 0, then
X' ~vg X e XU Xy ~g XI U X, which indicates N > No.

Proof of Claim. 1. = can be proved similarly as the proof of the right side.

<« Suppose X' U Xy ~c X} U X, we will show X' ~5 XJ, given the fact that X', XJ do not contain X, nor its
descendants, and any member of { X} U De(X)) is not incident to a tail-tail edge.

1. For X € De(Xy) and X & De(Xy), since X; — Xj and X; — Xj is not allowed, it must be Xj < *Xj. Similarly, we
have Xo — Xj and X < *Xj.

2. By X'UX( ~c X} U Xy, wehave 3XU C (X'UX()N(XIUXg)suchthat Y g (X'UXIUX)\ X |XY. Since Y
is adjacent to Xo, XY must contain X,. Thatis, 3 X" C X'nXJ suchthat Y L.g (X'UXI U X()\ (XY U X0)| XY U X,
which is equivalent to Y 1L XX U X,

3. We first show Y 1Lg X()°| X1 which is equivalent to showing any path between ¥ and X (1) can be blocked by X'
Prove by contradiction. Suppose there is a path py :=< Xk, , Xk,, ..., ¥ > between Y and X(1)° that can be blocked by
X1 U X, and can not be blocked by X1, By Lemma. D.1, the set { X} contains a non-collider on pg, which means X, is
a non-collider on py.

Then, X, is incident to at least one tail on pg, since X, + *Xj for Xj ¢ De(X), po must contain a member of
De(Xo) and py =< Xk, , Xkp) s Xo — Xi, ..., Y > for Xj € De(Xj). Since Y is not a member of De(X)), there is
Xo — - = Xj +xXj for Xj € De(Xp) and X ¢ De(Xy) on pg. As aresult, pg contains a collider that itself nor its
descendants are in X1, This means p, can be blocked by X1 and thus a contradiction.

4. We then show X, L XX, which together with 3. means {Y, Xy} Le X |XJ and thus X' ~g XJ. We
show this by proving any path between X(1)° and X, can be blocked by X". Prove by contradiction. Suppose there is a
path p; ' =< Xy, , Xk, ---, XKy, Xo > that can not be blocked by XY.

Then, if Xy, ¢ De(Xo), we have a path ps (=< X, ..., Xi,* = Xo < *Y > such that p> can not be blocked by
XY U Xy, which contradicts with Y 1L g X<'J)°_\_X'J U Xy. Otherwise Xy, € De(Xy), then we have a path py =<
Xiys ooy Xig < Xo < #Y >, Since Xy, € X(W° and thus Xy, ¢ De(Xy), there is
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path po :=< Xy, Xy, -oes Xy, Xo *Y > constructed from p1- _If X, is a non-collider, since X1 does not contain X,
p2 can not be blocked by X". Otherwise X, is a collider, since X" contains a member of De(Xy), p2 can not be blocked
by X' neither. These results contradict with Y ILg X(1)° X" Hence, we have X, ILg XX,

To conclude, 1. and 2. mean < is true. Claim.1 indicates N; > N», Claim.2 indicates N3 = Ny,andthus N > N+1. O

Corollary E.13 (Merging property for multiple vertices). For any causal graph G where Y is adjacent to a connected
vertex sets X, and vertices in V\ (X, U'Y") is adjacent to at most one vertex in X, U Y. Merge Y, X into a new vertex Y’
and call the resulted graph G. Then, N + |[X,| < N < 21%0IN.

Proof. Proof of the right side is the same as Lemma. E.12.

Proof of the left side. Since X is a connected set and Y is adjacent to X, we can delete edges among X, U Y until the
subgraph over Xy U'Y becomes a spanning tree over X, U Y with Y as the root vertex. Then, iteratively merge vertices and
use Lemma. E.12, Lemma E.6, we have N > N + |Xg|. O

E.3. Details of Prop. 5.5: Complexity

In this section, we discuss the complexity of searching Ng equivalence classes. We show that compared to the exponential
cost O(29s) of exhaustive search, our search strategy enjoys a polynomial cost P(ds) when G's is mainly composited of
chain vertices. Our analysis mainly uses the results in Lemma E.10 and Lemma E.12. The idea is briefed as follows:

Lemma E.10 shows that any G's with d=, = w(log(d)) has No = NP(ds). Hence, we need to look at cases when
d=o = O(log(d)). For these cases, Lemma E.12 shows that the non-chain vertices in Gs do not influence the rank
of Ng. This is because we can iteratively merge the non-chain vertices into Y and have Ng being squeezed within
Ng ~ 29=2Ng. Since 29>2 = P(ds), we have Ng = P(ds) if and only if N5 = P(ds). Therefore, the rank of N when
d=2 = O(log(ds)) is decided by N, in other words, by the chain vertices with deg< 2 in Gs.

Intuitively, when the chain vertices compose different chains that do not intersect each other, by Claim E.4, the N is the
product of the chains’ lengths. Hence, the more “intensive” the chain vertices distribute, the smaller Ng and thus Ng will
be. In the following, we will provide a formal metric Fg to measure the intensity of chain vertices.

We first define the following structures on G's. For brevity, we omit the subscript and denote Gs as G, ds as d, respectively.

1. A path is a sequence of distinct vertices < V1, Vo, ..., Vj > where V;, Vi 1(: = 1,2, ...,1 — 1) are adjacent in G. The
length of the path is . Define the distance between a vertex and Y and the length of the shortest path between them.

2. A chain is a path where every vertex on it has deg < 2 in G. The head of a chain is the vertex in it that is closest to Y.
A maximal chain is a chain that can not be made longer by adding new vertices.

3. For a maximal chain c, let c € Ch’(Y") if there is no other maximal chain in the shortest path between the head of ¢
and Y. For two maximal chains ci, ca, let co € De’(c1) if there is a path between a vertex in ¢, and Y that contains c; .

4. For a maximal chain ¢ € Ch’(Y), define a set of operations opt,(G) on G. Specifically, if De’'(c) = (), define
opt,(G) := {remove c}; Otherwise, define opt.(G) := {remove XHi=1,2,..,1}uU {replace cwith an edge}, with
I the number of vertices on ¢, X{ the i-th one (in the order of the distance to V), and X{ := {X¢, X2, ..., X!}

5. For a maximal chain with [ vertices, define cost(c) := I + 1 if ¢ has one head vertex, (12 + [ + 2) /2 if ¢ has two head
vertices (that is both sides of ¢ have equal distance to ).

Proposition 5.5 (Complexity). Let Fz be an recursive metric defined over maximal chains in G:

Y x
s = cost(c) o Fope(c)-
ceChg(Y) OPLE “cecny (v) OPte
De’(c)=0

Then, Ng = P(d) if and only if d=2 = O(log(d)) and Fs = P(d).
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Proof. To prove the proposition, we will show i) if d=2 = w(log(d)), then Ng = NP(d); ii) if d=2 = O(log(d)), then
Ng = P(d) & Fs = P(d).

Specifically, ii) means if d=, = O(log(d)) and Fs = P(d), then Ng = P(d), which shows <« of the proposition. i) means
if No = P(d), then d=, = O(log(d)), together with ii), it means if Ng = P(d), then d=, = O(log(d)) and Fz = P(d),
which shows = of the proposition.

The proof of i) is at Lemma. E.10. The proof of ii) is as follows:
Claim. 1. Fg < Ng < 29=2 F.
Proof of Claim. 1. Modify Alg. 2 in the following way:

i) Add before line-2: if Neig(Y) contains non-chain vertices, then merge them into Y until Neig(Y’) only contains
non-chain vertices. Call the resulting graph as G. ii) Replace the G with G, G’ with G’, and Ng with Ng, in lines 4-12.
Call the modified algorithm as Ng = count’(G).

Next, we first show F = Ng, then prove Claim. 1 via the count’(G) algorithm.

After merging non-chain vertices around Y, in G, Y’s neighbors are the head vertices of the maximal chains in Ch’(Y).
Recursively conduct the count’ algorithm on G and its induced MAGs Mg, until all vertices in all maximal chains in
Ch/(Y) have been traversed.

F@r maximal chains without descendants, since they are disjoint with the other maximal chains, we have Ng =

(" cech_(v )pe’_(c)=0 COSt()) N, ¢ (&), Where cost(c) = [+ 1 if ¢ has one head vertex (see Claim E.4) and (*+1+2)/2
G ’ G

if ¢ has two head vertices (see Claim E.5), and opt, := chc%(\( )iDe’ (c)=0 cost(c)opt,, and opt, (G) is the causal graph

after removing all maximal chains without descendants.

In opt, (G), denote the remained maximal chains in Ch’(Y") as {c; }i—1.r and the vertices on them as { X1, ..., X,‘i Yiciore

To obtain Noptl(é), for each c¢;, similarly as the analysis of the Claim E.4, we need to consider the following /; + 1

situations: X| is blocked'?; X1 is open, X} is blocked; ...; X{,..., X|. _, are blocked, X} igyopen; and X1, .., X{ are

open. Becayse Vertices in the » maximal chains are disjoint, we in total need to consider ~;_, /; + 1 situations, and
{= li+1 . . . . .

N, oty (G) = 1 N bty ()] where opt, (G’)j denotes the induced subgraph from opt, (G) in the j-th situation.

fe) j=1 o

.. Q
II\:I)ote that each subgraph opt, (G); corresponds to an operation in ceClr,emoptc on G, we have Noptl(é)

Q ~ - , , Q ~ < =
OPLE ceomy vy OPte Nopy()y- Hence, Ng cEChY (Y ):De (c)=0 cost(c)  ,pie ceanl_(v) OPle Nope(a) @nd Ng
Fo.

During the recursive execution of the count’(G) to obtain N, there are at most d-» non-chain vertices merged into Y. As
aresult, by Lemma. E.12, we have Ng < 2d>2NG~. The number of non-chain vertices merged into Y is at least 0, so we
also have Ng < Ng.

To conclude, we have Fg < Ng < 29=2 Fi5, which means Claim. 1. and hence the proposition is true. O

Remark E.14. If the skeleton of G is a tree, for two maximal chains ¢, co, define c; € Ch’(c;) if ¢; contains the first
non-chain vertex in the path from the head of ¢, to Y. The F5 degenerates to:

Y
Fe = [(©),
cech/(Y)

with f(c) := cost(c) + QCeCh’(c) f(©), cost(c) = len(c) + 1(Ch'(c) = 0).

0A vertex of deg=2 is blocked if it is a non-collider and is put in the selection set, or it is a collider and is put in the latent set. A vertex is
open if it is not blocked
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F. Experiment
F.1. Implementation details

All codes are implemented with PyTorch 1.10 and run on an Intel Xeon E5-2699A v4@2.40GHz CPU.

Baselines.

1. Vanilla. E[Y|«] is implemented by the same neural network as fs:.

2. ICP (https://github.com/juangamel laZicp). The level of the test procedure is set to 0.05. The estimator
is implemented by the same neural network as fs.

3. IC (https://github.com/mrojascarul la/causal_transfer_learning). The level of the test pro-
cedure is set to 0.05. Levene test is used. The estimator is implemented by the same neural network as fs:.

4. DRO (https://github.com/duchi-lab/certifiable-distributional-robustness). The v is
set to 2. The estimator is implemented by the same neural network as fs:.

5. Surgery estimator. Since there is no official implementation available, we implement it based on our method. Specifi-
cally, we pick 2 ~ 3 validation environments from &, and use the validation loss to select S*.

6. IRM (https://github.com/facebookresearch/InvariantRiskMinimization). The best ¢ is cho-
sen by comparing the validation loss of reg = 0,107°,10~4,10—3,10-2,10~ "

7. HRM (https://github.com/LhSthu/HRM). The cluster number is set to the number of deployment environ-
ments. o and X are both set to 0.1. The overall threshold for subset selection is set to 0.25.

8. IB-IRM (https://github.com/ahujak/1B-1RM). The \j, is set to 0.1, the Aj, is set to 0.75. The estimator
is implemented by the same neural network as fs.

9. Anchor regression (https://github.com/rothenhaeusler/anchor-regression). The v is set to 1.5.

Synthetic study. The neural networks to implement fs. and h are two-layers MLPs. We use a sigmoid activation function
in the hidden layer to add non-linearity. We use the Adam optimizer. The learning rate is set to 0.02, and epochs are set to
10000 with an early stop.

Alzheimer’s disease diagnosis. The neural networks to implement fs. and h are the same as the synthetic study. We use
the SGD optimizer. For the estimation of fs/, the epochs are set to 5000, the learning rate is set to 0.25 in the first 4000
epochs, and decreased to 0.1 in the last 1000 epochs. For the estimation of £, the epochs are set to 12000 with an early stop,
the learning rate is set to 0.4.

Gene function prediction. The neural networks to implement fs. and h are the same as the synthetic study. We use the
SGD optimizer. The epochs are set to 10000. For the estimation of fs-, the learning rate is set to 0.01. For the estimation of
L, the learning rate is set to 0.05.
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/

Figure 8: The synthetic causal graphs for complexity analysis. Stable and mutable variables are respectively marked blue and red. We
have d-» = 1;2;5; 6 in (a), (b), (c), (d), respectively. The sparse graphs (a), (b) are generated by deleting edges from Fig. 4 (a). The
dense graphs (c), (d) are generated by adding edges to Fig. 4 (a).

Table 4: Indices for brain region partition.

Abbreviation  Brain region AAL index (Tzourio-Mazoyer et al., 2002)
FSL Frontal superior lobe 2101,2102,2111,2112,2601,2602
FML Frontal middle lobe 2201,2202,2211,2212,2611,2612
FIL Frontal inferior lobe 2301,2302,2311,2312,2321,2322
TSL Temporal superior lobe 8111,8112

TML Temporal medial lobe 8201,8202

TIL Temporal inferior lobe 8301,8302

TP Temporal pole 8121,8122,8211,8212

PSL Parietal superior lobe 6101,6102

PIL Parietal inferior lobe 6201,6202

OSL Occipital superior lobe 5101,5102

OML Occipital middle lobe 5201,5202

OlL Occipital inferior lobe 5301,5302

CA Cingulum anterior 4001,4002

CM Cingulum middle 4011,4012

CP Cingulum posterior 4021,4022

INS Insula 3001,3002

AMY Amygdala 4201,4202

CAU Caudate 7001,7002

HP Hippocampus 4101,4102

PAL Pallidum 7021,7022

PUT Putamen 7011,7012

THA Thalamus 7101,7102

37



Which Invariance Should We Transfer? A Causal Minimax Learning Approach

F.2. Extra results

Table 5: Max. MSE evaluation on synthetic and IMPC datasets. The first column notes the methods we compare. The second column
represents the max. MSE over deployment environments. Data for Syn-a,b,c,d are respectively generated by the causal graphs (a) ,(b), (c),
and (d) shown in Fig. 8. The best results are boldfaced.

max. MSE (])

Method Syn-a Syn-b Syn-c Syn-d IMPC
Vanilla 15.946 5.7 3.03345:7 5.61343:5 1.8141 94 1.227 101
ICP (Peters etal., 2016) 1777106 1.6291 96 1.6314+096 1.097 101 1.291493
IC (Rojas—CaruIIa etal., 2018) 5.5804¢:3 1.63110:4 2.32240:7 1.6654¢:3 1.25310:0
DRO (Slnha etal., 2018) 4511448 1.628,4 94 2.3114¢:7 1.827 404 1.1964¢:1
Surgery (Subbaswamy etal., 2019) 1.325. 0.9 1.08640-9 1.0054¢-1 1.1904 -2 1.071401

IRM (Arjovsky et al., 2019) 6328105 | 143910
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Figure 9: Detailed results for Fig. 5
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